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ABSTRACT: We show that the matrix-model action for noncommutative U(n) gauge the-
ory actually describes SU(n) gauge theory coupled to gravity. This is elaborated in the
4-dimensional case. The SU(n) gauge fields as well as additional scalar fields couple to an
effective metric G, which is determined by a dynamical Poisson structure. The emer-
gent gravity is intimately related to noncommutativity, encoding those degrees of freedom
which are usually interpreted as U(1) gauge fields. This leads to a class of metrics which
contains the physical degrees of freedom of gravitational waves, and allows to recover e.g.
the Newtonian limit with arbitrary mass distribution. It also suggests a consistent picture
of UV/IR mixing in terms of an induced gravity action. This should provide a suitable
framework for quantizing gravity.
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1. Introduction

It is generally accepted that the classical concepts of space and time will break down at
the Planck scale, where quantum fluctuations of space-time due to the interplay between
gravity and quantum mechanics become important. One way to approach this problem is
to replace classical space-time by some kind of quantum space, incorporating space-time
uncertainty relations such as those obtained in [[l]. This leads to noncommutative (NC)
field theory, where some fixed NC space is assumed; for basic reviews see e.g. [

After considerable progress in the understanding of field theory on “fixed“ NC or quan-
tum spaces, it is of fundamental importance to understand how a dynamical quantum space
in the spirit of general relativity can be incorporated in such a framework. If noncommu-
tative spaces are related to quantum gravity, the incorporation of gravity should be simple
and natural. Furthermore, one should take into account the lessons from string theory,
which provides a realization of quantum spaces as D-branes in a nontrivial B-field back-
ground [B], and points to a relation with gravity [—[L1]]. While several formulations of NC
gravity have been proposed by deforming various formulations of general relativity [[q-RH],
a simple and compelling mechanism would be very desirable.



To identify this mechanism, it is helpful to reconsider gauge theories. There is a very
simple and natural formulation of u(n) NC gauge theory in terms of matrix models, typi-
cally of the form S = Tr[X®, X°)[X%, X +--- . Such actions describes gauge theory on the
quantum plane Rg. Similar actions arise in the context of string theory, such as the IKKT
model [[f]. The dynamical objects are matrices resp. operators X% = Y%+ A% € A® u(n)
("covariant coordinates”), where Y'® generates the algebra of functions A = L(H) on some
NC space. The central observation is that the fluctuations A% € A of the covariant coordi-
nates can be interpreted as u(n)-valued gauge fields on the NC space. These considerations
become more rigorous for compact quantum spaces such as (CP]% or SJQV X SJQV, which are
described by finite matrix models of similar type [R€, R7].

Even though this realization of gauge fields is very appealing, it is nevertheless strange:
fluctuations of NC coordinates ought to describe fluctuations of the geometry, rather than
gauge fields. This is particularly compelling for gauge theory “on” fuzzy spaces such as
CP% or S% x S%, where the geometry of the space is indeed dynamical and given by the
minimum (X%) = Y® of an appropriate matrix model. This strongly hints at an implicit
gravity sector. There is also strong evidence for the presence of gravity in the IKKT matrix
model of type IIB string theory [[j—[]], and even for a D=4 compactification thereof [{, [1]
which can be viewed as a supersymmetric version of the model which will be studied here.
Further striking parallels between gravity and NC gauge theory include the absence of local
observables, and the implementation of translations as gauge transformations. Finally, the
u(1) sector of D=4 noncommutative gauge theory is afflicted by the infamous UV/IR
mixing [2§-B(], leading to a behavior which is very different from electrodynamics.

We show in this paper that the matrix model formulation of NC gauge theory in 4
dimensions does in fact contain gravity. More precisely, it should be interpreted as su(n)
gauge theory coupled to gravity, with dynamical geometry determined by u(1) components
of the covariant coordinates X®. This solves at the same time a long-standing problem
how to define NC su(n) gauge theory: It has been known that the u(1) sector of NC
gauge theory cannot be disentangled from the su(n) sector in any obvious way. Here we
understand this fact as the coupling of the su(n) gauge fields to gravity.

One may wonder how it is possible that nontrivial geometries arise from what is usually
interpreted as u(1) gauge fields. The answer is quite simple: the effective geometry is
determined by the metric G* = —0%(y)0"*(y)geq, where 8%(y) = 6" + F®(y) is the
dynamical Poisson tensor which is usually split into background NC space and u(1) field
strength, for g.,p = dap T€SP. gup = Mup in the Euclidean resp. Minkowski case. While such
metrics do not reproduce the most general geometries, they do contain the physical degrees
of freedom of gravitational waves, and allow to obtain e.g. the Newtonian limit. Therefore
this provide a physically viable class of geometries for gravity.

The observation that gravity can arises from NC gauge theory is not new. In particular,
Rivelles [B]]] found a linearized version of the same effective metric coupling to scalar fields
on ]Rg, without addressing however nonabelian gauge fields. The idea that NC u(1) gauge
theory should be viewed as gravity was put forward explicitly in [BZ, B3] from the string
theory point of view. We establish this mechanism in detail based on a very simple and
explicit matrix model, and clarify the associated geometry.



The basic message is that gravity is already contained in the simplest matrix models
of NC gauge theory. There is no need to invoke any new ideas. This striking mechanism
takes advantage of noncommutativity in an essential way, and has no commutative analog.
Furthermore, the quantization of matrix models is naturally defined by integrating over
the space of matrices. We will argue that this induces the action for gravity in the spirit
of B4], which suggests a natural role of UV/IR mixing. However, the vacuum equations
R, ~ 0 are obtained even at tree level. While some freedom remains for modification
of the action (in particular extra dimensions), the resulting gravity theory appears to be
quite rigid. It is different from general relativity but consistent with the Newtonian limit.
Moreover, some post-Newtonian corrections of general relativity appear to be reproduced,
however a more detailed analysis is required. While no final judgment can be made here
concerning the physics, simplicity and naturalness certainly support this mechanism.

The results of this paper should also shed new light on gravity in the IKKT model, in
the presence of a noncommutative D-brane. While this model is expected to contain gravity
due to its relation with string theory, an explicit identification of nontrivial geometries has
proved to be difficult [[3, [J]. This is discussed in section f.

The outline of this paper is as follows. We first explain the separation of the covariant
coordinates in geometric and gauge degrees of freedom, which is the essential step of our
approach. This leads to a dynamical theory of Poisson manifolds, to which we associate
in section fJ an effective metric. In section B.1] we establish that this metric indeed governs
the low-energy behavior of both scalar and gauge fields. The technical details for the gauge
fields are lengthy and delegated to appendix A. Section [ elaborates to some extent the
physical content of the emerging gravity theory, in particular the induced Einstein-Hilbert-
like action, UV/IR mixing, gravitational waves, the Newtonian limit and few examples.
We conclude with discussion and outlook.

2. Gauge fields and Poisson geometry

Consider the following matrix model action for noncommutative gauge theory in 4 dimen-
sions
SYM == _TT[XQ7Xb] [Xal7Xbl]gaa'gbb/7 (21)

for

Yaa' = 5aa’ Or  Gaa’ = MNaa’ (22)

in the Euclidean resp. Minkowski case. Here the ”covariant coordinates” X are hermitian
matrices or operators acting on some Hilbert space H. The basic symmetries of this action
are the gauge symmetry

X* - UXUY, U € UH) (2.3)

where U(H) are the unitary operators on H, translational invariance X% — X% + ¢®
for ¢* € R, and global SO(4) resp. SO(3,1) invariance. The more conventional action
Tr([ X, X —gab)Q for R% [BF differs from (R.1]) only by a constant shift and a topologi-

cal or boundary term of the form T7[X%, X*] 9", We consider (1) to avoid introducing



the constant tensor §° at this point, thereby stressing background-independence. This is
also the type of action which is typically found in the context of string theory [{i, B]. The
equations of motion are

[Xa’ [Xa/’Xb/Hgaa’ = 0. (2'4)

A particular solution is given by X% = Y, where the Y satisfy the commutation relations

v v =0" (2.5)

These generate the algebra A = R% of functions on the Moyal-Weyl quantum plane. Here

§* is assumed to be constant and non-degenerate, and the Y have the standard Hilbert-
space representations. To avoid cluttering the formulas with ¢ we adopt the convention
that 0% is purely imaginary, and similarly for the field strength Fj; etc. below. Another
solution is given by X% =Y* ® 1,,, which will lead to u(n) gauge theory.!

In this paper, we will focus on configurations (which need not be solutions of the e.o.m.)
which are close to the “vacuum” solution X =Y ® 1,,. This will lead to noncommutative
u(n) gauge theory, or rather su(n) gauge theory coupled to gravity. Hence consider small
fluctuations of the form
X =Y"®1,+ A Y) (2.6)

with A%(Y) € A® M, (C). We will replace f(Y) — f(¥) whenever f(Y) € A can be well
approximated by a classical function f(7). In the conventional interpretation, A*(Y) =
ALY) @ 1, + A%(Y) @ 7, is viewed as u(n)-valued gauge field, where 7, are a basis of
su(n). Here we will adopt a different approach, separating the trace- u(1) part (i.e. the
coefficient of 1,,) and the remaining nonabelian part as follows:

X*= Y1, + AYY) =Y°1, + A%(Y) 7, . (2.7)

Here
Ye=Y"+ ALY) (2.8)

contains the full trace-u(1) component, and will be interpreted as generators of a NC space
My with general noncommutativity

YY" = 07%(Y) ~0%(y). (2.9)

The other, nonabelian components A% (Y") will be considered as functions of the coordinate
generators Y resp. y®.

The essential point is the following: what is usually interpreted as “abelian gauge
field” A§ is understood here as fluctuation of the quantum space, which determines a
Poisson structure #%°(y) and eventually a metric G?(y) (B.§). The remaining “nonabelian”
A% (y) 7o describe su(n)-valued gauge field. The well-known fact that the u(1) and su(n)

Lthe rank n of therefore not determined by the matrix model but by the choice of vacuum solution. If
desired, n can be controlled at least in the Euclidean case by compactifying the space and considering e.g.
fuzzy S? x S? or CP? @], where H is finite-dimensional.



components cannot be completely disentangled in NC gauge theory will be understood here
as coupling of the su(n) gauge fields to gravity.

The physical reason why the splitting (R.7) of u(1) and su(n) components is appropriate
will be seen by considering gauge-invariant actions such as (B.1)) or (B.J)). The reason is
that the kinetic term in the underlying matrix-model action always involves the induced
metric G identified below. This universal coupling to a metric G® is strongly suggestive
of gravity. This is based on the observation that in the framework of matrix models, all
fields must be in the adjoint in order to acquire a kinetic term. However, other types of
matter and low-energy gauge fields close to those required for the standard model can arise
after spontaneous symmetry breaking, see e.g. [Bf].

Semi-classical limit: Poisson manifolds. We want to understand the geometrical
significance of the various configurations (R.9). The emerging picture is that the u(1)
sector of the matrix model describes a dynamical theory of Poisson manifolds.

Consider generators Y¢ of A satisfying (R.9), and assume that 0?°(Y) is “close” to
a smooth Poisson structure #%(y). This defines a (local) Poisson manifold (M, #%(y))
whose quantization is given by Y'@. Conversely, using a general result of Kontsevich [B7] we
can quantize essentially any Poisson structure? at least locally via such Y. To make this
mathematically more precise, the concept of a star-product is useful. Given an isomorphism
of vector spaces

CM) — A (2.10)

where C(M) denotes the space of functions on M, one can define via pull-back a “star
product” on C(M). Assuming that this star product has a meaningful expansion in powers
of 8, the commutator of 2 elements in A reduces to the Poisson bracket of the classical
functions on M to leading order in 6. More precisely, using a suitable change of variables
one can choose the star product (e.g. by taking the one given in [B7]) such that

[f.9] =i{f.g} +0(6°) = 6(y) dulf) Dp(g) +O(6°) (2.11)

to O(63). This will be important below in order to extract the semiclassical limit. In
particular, this implies

Y, f(V)] =i{y", f(y)} +0(6°) = 60"(y) dpf(y) + O(6?%). (2.12)

where y* denotes the pull-back of Y.

3. Effective metric

We now show how a dynamical metric arises naturally from matrix model actions. The
basic mechanism is seen most easily for scalar fields.

2we ignore the distinction between formal and convergent star products here.



Scalar fields. In the framework of matrix models, the only possibility to obtain kinetic
terms is through commutators [X®, ®] ~ 0% (y)9,® + [A%, ®]. Therefore only fields in the
adjoint are admissible, with action

S[®] = —Tr gou [ X, ][ XY, B]. (3.1)
In a configuration as in (R.7) with nontrivial background Y and su(n)-valued fluctuations
X*=Y*®1,+A%Y), (3.2)
we can obtain the commutative limit using the naive change of variables
A = 09(y) A, (3.3)
where A, is antihermitian. The action then takes the form

S[®] ~ —Tr 0% (y) 07 °(y) gaa (B + [Ap, ®]) (8@ + [A,, ])
= Tr G®(y) D,®Dy® (3.4)

to leading order, defining the effective metric

G (y) = —0“(y)0" (y) gea (3.5)

where g.q is the background metric (2:3) and D, = 8, + [A4,, .].

Some remarks are in order. We will show below that the naive substitution (B.3) is
sufficient here and (B-4) is indeed the correct classical limit. An infinitesimal version of (B.5)
was already obtained in [BI] up to a trace contribution, which is explained in section ..
Furthermore, observe that

ey (y) = =10 (y)gev (3.6)
can be interpreted as vielbein; this is consistent with the expression (B.§) for the metric
G. The antisymmetry of §¢(y) reflects the choice of a special “gauge” in comparison
with the standard formulation of general relativity. Note that G is nondegenerate if and
only if the Poisson tensor #%°(y) is non-degenerate. In this paper we assume that §%(y)
is non-degenerate, even though degenerate cases are possible and are expected to be very
interesting. Finally, the effective metric G determines in particular the spectrum of the
Laplacian acting on ®; this will become important in section [l

Nonabelian gauge fields. Now consider the commutator [X? X°] in the nonabelian
case, for the same background. Using (R.7), we have

(X9, Xt = 6°(Y) 1,, + F(Y) (3.7)
where
]_—ab — [Ya,.Ab] _ [Yb,.Aa] + [.Aa,.Ab] (38)

is the noncommutative field strength. Our aim is to obtain the classical limit of the action
(R.), and to show that it can be interpreted as an ordinary gauge field coupled to the
effective metric G*. To develop some intuition, we first give a naive, incomplete argument
before embarking into the correct but less transparent Seiberg-Witten expansion.



Naive analysis. Let us try the naive® change of variables (B.J) which for constant 6%
correctly leads to the classical limit. Using (R.13), we would obtain

F = 0" (y)0" (y) Fea (3.9)

where

Fab = 0aAb(y) — DAa(y) + [Aa(y), Ap(y)]  +O0(67'00) +O(6) (3.10)
where O(0~190) stands for terms of the type 0.} [0, A,]. These are small as long as

07100 < 0A,, (3.11)

i.e. if the variations of #%°(y) resp. G® are much slower than those of the gauge fields A,
One can then interpret Fy;(y) as gauge field strength, which certainly holds for constant
0%, Note also that the leading term of F,; takes values in su(n), but there are u(1)
contributions of order 6 due to e.g. { A%, A’}. Neglecting these, we would have

Tr(0"F®) ~ 0
and the action would be
Sym ~ —T'r («9‘“’ 0 + f“b(y)f“'b'(y)> Gaa Goly
= 77 (G (y)gu — G () G (4) Fualy) Foa (v)) (3.12)

in the semi-classical limit. This suggests that the nonabelian gauge fields are indeed coupled
as expected to the open-string metric G%. However, we need a more sophisticated analysis
using the Seiberg-Witten map to establish this, because the neglected terms in (B.1() are
of the same order as the coupling to the gravitational fields i.e. the connection, and the
u(1) terms in {A%, A’} do in fact contribute at the leading order. This is reflected by the
fact that F, is not gauge invariant in the commutative limit unless 8% = const.

Relation with string theory. Our effective metric G (B.5) is strongly reminiscent
of the “open string metric” on noncommutative D-branes in a B-field background [{], in
the Seiberg-Witten decoupling limit o/ — 0. Our background metric g, can then be
interpreted as “closed string metric” of the embedding space. However, the #%°(y) which
enters our metric G% is non-constant and determined by the full u(1) part of B’ = B+ F
on the brane, unlike in [J]. This should be related to the symmetry A — A+A, B — B—dA
in the context of string theory as pointed out in [B3, B3], where the different role of the
u(1) and the su(n) sectors was ignored however. We will see below that G is also the
effective metric for the su(n) YM-action.

3.1 Effective gauge theory and Seiberg-Witten map

In this section, we implement the separation (B.7) of the X in NC background Y and
su(n) gauge fields, and carefully determine the classical limit of the action (R.]). The su(n)-
valued components of A® will be expressed using a Seiberg-Witten map in terms of classical

*replacing this with the slightly less-naive A* = £{0"*(y), AL} does not solve the problem



su(n)-valued gauge fields A,, on a noncommutative background #®(y) determined by the
u(1) components Y®. The latter eat up the “would-be u(1) gauge fields” and determine the
metric G%(y). Thus the full u(1) sector determines the dynamical NC parameter 0%(y)
and the geometry G, while the nonabelian su(n) fields are expanded to leading order in
6% (y) and couple to G®. This analysis is surprisingly involved.

Let us rewrite the nonabelian gauge fields A% = A%(A,) in terms of classical antiher-
mitian su(n)-valued gauge fields A, using the Seiberg-Witten map [J],* dropping the index
« from now on. The classical gauge fields transform under su(n) gauge transformations as

OciAg = =10\ +i[A, Ag] = =10\ + [\, 7% Ago - (3.13)
The appropriate SW-map for general §%°(y) is given by [Bg]
A® = 004y — (ALY 07 A+ AF) 4 O(6)
= 0 Ay + Ay +O(0°) (3.14)

and satisfies

OA(X?Y) =i[A, Y + A% = §4.A? (3.15)
with the NC gauge parameter

1
A=)+ 5evab(aaA)Ab. (3.16)

This means that the action (R.I]) expressed in terms of A, is invariant under the classical
su(n) gauge transformations acting on A,. This in turn implies that the action can be
written as a function of the ordinary su(n) field strength

F = 070" Foq = 0" Y, Ag] — 0°°[Y?, A + 0°°0"[A, Ag] + O(6")

Fop = 0,Ap — OpAy + [Aa, Ab] (317)
In this section, we adopt the convention that indices are raised and lowered with #9 rather
than a metric, e.g. A% := 0% A, etc. Note that it is F,, rather than F% which has the

correct classical limit as a 2-form for general #%(y), and the classical limit can only be
understood correctly in terms of F_;. The reader not interested in technical details can

jump to the resulting action (B.36).
Contribution to the action. We want to obtain the classical limit of the action (2.1])
S = —TT(fabfab + 29abfab + eabeab)
in terms of the A, or F,,. This requires keeping all terms of order O(#*). The NC field
strength is
fab _ [Ya,Ab] . [Yb,Aa] + [.Aa,.Ab]
= [V, A = [Y?, A%+ [A%, A%) + Py o + O(07) (3.18)

4The Seiberg-Witten map is used simply as a change of the field coordinates. It does not imply that we
work in the framework of star-products. The non-hermitean version is used here for brevity, which is easily
made hermitian.



where

F, gli)/v,z = [Y*+ A%, AbSW,Q] + [ASw2, YP 4+ A"+ [A%W,2AbSW,2]
= [X9, A%W,Q] + [A%W,%Xb] +0(6), (3.19)

since A%y = O(02). We must carefully keep track of the u(1) components of % to order
3 and the su(n) components to order §2. Dropping higher-order terms, one has

Fob = [y, Ag0%) — [Y°, Ag6°] + [A%, A" + FE
= F — A [Y,6°) + [A%, A") — 0°V' 0" [Ay, Ao + Fiy (3.20)

using the Jacobi identity for #?°, and thus
S =—Tr <F“bF“b —2FDA Y, 0% + AV, 0y, 07 A
+2(F — A[Y,0)) (A%, A% = 0°' 6" [Aur, A])
(A% AT - 00 (A, A]P 4 2074 AY) 4 S (3.21)
up to O(#*), dropping the constant Tr2*9 for now. Here
Sswa = —Tr(20°F&y,) = —Tr (40°°[X*, A%y.l) (3.22)

and we routinely drop subleading terms and use identities such as Trf%[Y?, A’] = 0 since
A, € su(n). Similarly, we can set [4,6] = 0 in the O(A3) and O(A*) terms to leading
order. For example,

(A%, A" = 699" (A, Ay]  + O(6?) (3.23)

which simplifies (B:21). Note also that the only contribution from % F is the NC (Poisson
bracket) contribution in §9[A% A’]. Therefore

S=-Tr (F“bF“b—QF“bAC[YC, O HA[YC, 0P [Y 4, 9] A 42090 [A2, Ab])jussw,2 .(3.24)

After a tedious computation (see appendix A) using elementary trace-manipulations, one
obtains

S — _Ty (FabFab . aabFabechcd . 29abFadégchbc + %aabeabacdaij(chFij + 2Fidch)>
— _7y <Gcc’ Gad FoyFug + Fyy ch(aa’aeababb’)ecd 2Ry, Fb/c/(aa’aeababb’)ec’c
%eabeabecde”(chFij - mdch))
= —TrG“GF,yF.y + Sxc (3.25)

which is exact to order O(#%). This action is manifestly gauge invariant, and for 6% = const
it reduces to the standard YM action S = TrF®F® up to boundary terms, as it should.
From now on, we no longer raise or lower indices with 6.



The “noncommutative” terms Snyc can be simplified further by considering the fol-
lowing dual evaluation of the 4-form resp. totally antisymmetric 4-tensor %(F N F)ije =
(FijFr — FyFyj — F1jFg):

1 - o ~
SEA F)iju07 0" = (Fi567)(Fu0*) + 2F3 Fjr0" 6" (3.26)
We note that for 0% = gikgklgli — (0gfgh)" these are precisely the terms in Syc, and
conclude

1 ~. . 1 .
Se = ~Tr(F A F)iu <ewekl + g(eabe‘”’)H”H’“) (327)

where §2%0% = —G®g,, upon reinserting g. Since F' A F' is a 4-form, it only couples to the
totally antisymmetrized components (é A Q)R of 079*! which can be interpreted as dual
4-form. Because the space of 4-forms is one-dimensional, we must have 8 A 8 = 7(y)6 A 6,
and it is easy to see that (see appendix C)

1
n(y) = 7 G" gab (3.28)

Using (F' A F)iji0708 = 3(F A F)iji(0 A 0)9k = —1,/det(6%0)(F A F) 0 7% we finally
obtain ) )
SNC = §T’I“(Gabgab) det(@ab) $(F N F)Z‘jkl€ijkl . (329)

This reduces to a topological surface term for constant #%°, but not for general 87°(y).

Volume element. Finally we want to rewrite the trace as an integral in the semiclassi-
cal limit. According to standard Bohr-Sommerfeld quantization, the appropriate relation
should be

rPTrs) ~ [ 56°5w) = [ dpw) 1) (3.30)

(2m)2Tr/det(0) ~ / dty, (3.31)

where w = i9;b1(y)dy“dyb is the symplectic form, and %wQ = p(y)d*y the symplectic volume

or equivalently

element. A precise way to justify this for general (non-degenerate) 6% (y) is to require the
trace property

Tr[f, 9] ~ /p(y){f, 9} =0 (3.32)

up to boundary terms, which fixes p(y) up to a constant factor. It is easy to see that
p(y)diy = %wQ indeed satisfies this requirement:

[etrar =[xl = [Pin,dg

— /(z’Xwa)dg = 2/(1’Xfw)wdg = /dfwdg =0 (3.33)

,10,



up to boundary terms, where X is the Poisson vector field generated by {f,.}. Explicitly,

ply) = Pfaff(i,)) = \/det 6, = (det(gan) det(Gap))"*
=: AXc(v) (3.34)
where Anc(y) can be interpreted as “local” scale of noncommutativity.
Effective gauge action. Reinserting the constant term
T 007 g gy = T GO g = AT 1(y) (3.35)

we finally obtain the classical limit of the action (R.1]) in the background Y

Sym = c/d4y p(y)tr (477(y) — GG F,y Fc’d’) + 2c/77(y) trFNF (3.36)

where an overall constant ¢ has been inserted, and ¢r() denotes the trace over the su(n)
components. This is an action for a su(n) gauge field coupled to a dynamical metric G (y)
and the constant background metric ggup.

Note that Syw is invariant under local Lorentz transformations, if we consider 7n(y)
as a scalar function. This is remarkable, because it can be viewed as a re-summation of
a Seiberg-Witten expansion in u(1) from the Moyal-plane point of view, where it would
appear to suffer from Lorentz violation. Therefore predictions and apparent problems for
gauge theories on ]R% due to apparent Lorentz-violation may largely disappear here.

It is fascinating to observe that n(y) takes the place of both the cosmological “constant”
and the axion, which is related to the strong CP problem. To explain that both are
small are outstanding problems. The theory emerging here is expected to have important
consequences on these issues, however this can only be addressed after quantum effects
are taken into account. We will see that the first term in fact should not be interpreted
as cosmological constant, rather it leads to the vacuum equations of motion at tree level
#ED), E19). Very similar actions have been considered from the classical point of view
in [BY, [E]], however with an independent field replacing 7(y).

We also note that (B.34) implies the relation (27)2N = (27)?Trl = [dly Axc(y),
where N is the dimension of the underlying Hilbert space H in the compact case. Therefore
the local scale of noncommutativity can be interpreted as “local” dimension of H per
coordinate volume,

(27)*N
Vol

Scalar field. Similarly, we want to obtain the classical limit of the scalar action (B.1).

Aye ~ (3.37)

Strictly speaking, we should also use a Seiberg-Witten map for the scalars, in order to get
the correct gauge-invariant classical limit. This is given by

1
O = — 07400 — 10[Aa Ay, 6] + O(6) (3.38)
Noting that

(X%, ®) = [Y2+0%A,, 6+ O0)] = 0% (D + [Ap, B]) + O(6?) (3.39)
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we obtain

1) = [ d'yply)tr G@u0+ (A0, 6 016 + (4. (3.40)

to leading order. Therefore in the scalar case, the correct classical limit is indeed obtained
by the naive analysis leading to (B4). In particular, we obtain the same effective metric G*
coupling to both scalar and gauge fields. This is of course essential for an interpretation in
terms of gravity, and resolves an inconsistency for the gauge fields in [BT]. Note furthermore
the invariance of (B.40) under Weyl rescaling G — €° G, which is usually found for the
Yang-Mills sector.

The effective actions (B.36) and (B.40) almost have the standard form of gauge resp.
scalar fields coupled to an external metric G®, except for the density functions p(y) and

n(y) which depend not only on Gy;, but also on the “background” or closed string metric gqp.
If we consider g4, as a metric tensor, then these actions are generally covariant. However,
Jab 1s a fixed matrix in the fundamental action (@), where it does not make sense to
transform it under a general diffeomorphisms. Thus general covariance arises only in the
effective low-energy action, considering g,; as a background metric which enters the Yang-
Mills action only through det g,5 and n(y). For fixed gqp, the Yang-Mills term in (B.3€) is
covariant only under volume-preserving diffeomorphisms, and the “would-be topological”
correction term Sxc is invariant under diffeomorphisms preserving 7(y). This is somewhat
reminiscent of unimodular gravity [[t]], but more restrictive.

It may be tempting to recover the “missing” density factor in (B.36) by defining a
slowly varying effective gauge coupling for the Yang-Mills sector,

1 det gup > 174
S . 341
o) (det Cus (3.41)

However this is premature and perhaps misleading at this point, because a similar su(n)

action will be induced at one-loop, which might have a different density factor.

4. Emergent gravity

We have shown so far that the su(n) gauge fields as well as scalar fields couple (almost-)
covariantly to the effective metric G*. However, we did not yet explain how the Einstein-
Hilbert action or some variation thereof should arise. This appears to be difficult to achieve
in the matrix-model framework, where we can write down only traces of polynomials of the
covariant coordinates X®. Moreover, adding any gauge-invariant term in the action action
would also affect the su(n) sector which should describe the Yang-Mills action.

We will argue that it is not necessary to add any further terms to the action, rather the
gravitational action arises automatically upon quantization. The idea of induced gravity
due to Sakharov [B4] is crucial here; see e.g. [Ad] for a more recent discussion. However,
the term [ p(y)n(y) in (B.3d) also plays an unexpected role.

Consider the quantization of the noncommutative gauge theory. The definition in terms
of the matrix model actions (R.1) resp. (B.4) provides a clear quantization prescription via
a (path) integral over the matrices X®. On the other hand, we can use the description in
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terms of the classical actions (B.3§) resp. (B.40) at least for low energies, where the classical
fields are coupled covariantly to the effective metric G%. We can then use the well-known
result that the one-loop effective action contains in particular the Einstein-Hilbert action.

We briefly recall this general mechanism [#2): Consider e.g. a scalar field with action
S@l= [ d*y /G §0,20,® coupled to some background metric §. Upon quantization i.e.
integration out ¢ up to a cutoff Ayy, the leading term of the one-loop effective action is
essentially given by

S1 toop ~ / d*yy/G (ciAly + oAy R[G) + O(log(Auv))) (4.1)

where R[] is the curvature scalar associated to g. It involves the Seeley-de Witt coefficients
determined by the kinetic terms (see [iJ] §4.8). This is closely related to the spectral action
principle [i4], cf. [, ] for the Moyal-Weyl case.

Our scalar action (B.4Q) differs from the generally covariant form through a different
power of det(g) in the measure (B.40). This can be cast in the standard form by defining

Gab = €° Gap, € = (det Gyp) /4 (4.2)
with det g = 1, so that

S[®] =c / d*y (det Ggp)V/* G0, D0, D = ¢! / d*y /G 500, DO, P. (4.3)

This reflects the invariance of (B.4(0) under Weyl scaling. The curvature scalar of g is
related to the one for Gy, by

R[gl=e"° (R[G] —3Ago — ; Gab3a08b0> (4.4)

where =7 = det(G)'/* is somewhat reminiscent of a dilaton, and
Ago = V%D,0 = GP0,0p0 — T°0s0 . (4.5)

Therefore ([£.3) induces in particular the term
3
S1—loop ~ /d4y det(Ggp)t/* (R[G] —3Ago — 2 G“b8a08b0> A% (4.6)

at one-loop. This is just an indication of what should be expected from a more detailed
analysis. The su(n) gauge fields will also induce at one loop terms similar to ([.§).

UV/IR mixing and gravity. It is well-known that the quantization of noncommutative
field theory leads to the so-called UV/IR mixing [R§—B(]. This means in particular that the
effective action contains new divergent terms with momentum dependence ~ w, which
are singular in the infrared and not contained in the bare action. This holds both for gauge
fields and matter fields. Remarkably, the UV/IR mixing for gauge fields is restricted to
the trace-u(1) sector, at least for one loop.
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Our result sheds new light on this phenomenon. We have argued using the semi-
classical description that NC gauge theory induces upon quantization the Einstein-Hilbert
action ([.1) for the effective metric Gy, which is a function of the u(1) gauge fields only,
with divergent coefficients. Since these terms are not contained in the bare action, the
model should not be naively renormalizable as a pure Yang-Mills gauge theory, and should
have new divergences in the trace-u(1) sector (and only there) at one loop. The momentum
dependence of the scalar curvature R (.1§), valid for k& < Anc, may well be responsible for
the observed IR singularities in the naive u(1) point of view. This shows that the essential
features of the UV/IR mixing fit perfectly in our scenario and are in fact very welcome here.

It remains to be seen how much this rough picture can be substantiated. All of this
underscores the importance of finite versions of NC gauge theory such as [2§] which are
now understood as models of Fuclidean quantum gravity, and of IR-modified versions such
as [[q] which might suppress the gravitational sector.

Furthermore, recall that in the conventional framework, a major problem of induced
gravity is that it induces huge cosmological constants. This problem is not expected to arise
here, because the class of available metrics is restricted; in fact, the term [ d*y p(y)n(y)
in (B-39) does not play the role of the cosmological “constant”, rather it leads to the vacuum
equations of motion of gravity. These are the equations of motion for the u(1) degrees of
freedom Y for F% = 0 = &, which are obtained easily from (2.4)

G™0.0,(y) = 0. (4.7)

This will imply Ry, ~ 0 in the linearized case ([.19). Furthermore, stability of Euclidean
NC spaces with similar actions as the ones considered here is rather obvious by construc-
tion [PG, il§ and has been verified numerically in [I9, (], while geometrical phase transi-
tions do occur. Moreover, flat space (B.) remains to be a solutions even at one loop. It
therefore seems quite plausible that the picture of gravity emerging from NC gauge theory
may shed new light on the cosmological constant problem.

It remains to clarify the physical meaning of the metric G and possible rescaling with
e, which is related to Axc via (B.34). Furthermore, the precise form of the gravitational
equations of motion should be determined. We will show that at least for small fluctuations
of flat Minkowski space, the resulting gravity theory appears to be a physically acceptable

modification of Einstein gravity.

Relation to previous work on Matrix models and M(atrix) theory. There is
a large body of literature on Matrix-model formulations of string resp. M(atrix) theory.
In particular, the IKKT for IIB string theory [[i] is essentially a 10-dimensional super-
symmetric version of the 4-dimensional model under consideration here, while the BFSS
model for M-theory includes an extra “time” dependence. The identification of grav-
ity in these matrix models is of particular interest, and has been studied in a number of
papers including []-[L]. What is typically considered are interactions of separated “D-
objects”, represented by block-matrices. A gravitational interaction is then generated at
one loop, i.e. by integrating out off-diagonal blocks, reproducing leading effects of D=10
(super)gravity. However, there is also strong evidence for D=4 graviton propagators for
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D=4 D-brane solutions [fl, [(1]] of this matrix model, which is quite directly related to the
present context. For other aspects see also [[l4—[L§]. Nevertheless, an explicit identification
of the associated geometries within such matrix models and its relation with gravity has
not been obtained in the literature.

The relation with our approach is as follows. In stringy language, we consider a single
given NC background (a 4-brane, say), and obtain an explicit metric and effective field
theory. While these brane-solutions to the matrix models are typically considered as flat
(or highly symmetric), we point out that they do contain nontrivial metrics and geometry
through their U(1) sector. In a higher-dimensional version, this should also shed new light
on gravity in M(atrix) theory. In agreement with previous work, one-loop effects are found
to be crucial to obtain the gravitational action.

4.1 Geometry, gravitational waves and u(1) gauge fields

In this section we study in more detail the class of geometries available from (B.§). In
particular, we consider the case of small fluctuations around a flat background Rg with
generators Y. This will also clarify the relation with the conventional interpretation in
terms of u(1) gauge fields on the canonical quantum plane ]Rg.

An arbitrary u(1) component of X* in (R.7) can be written as

Yo=Y+ A (4.8)

so that
9o (Y) = [y, v? = 8" +9°0" F°, (4.9)

where F9, = 9.AY — 9;AY + [A2, AY] is the abelian field strength on Rj. Therefore the
induced metric can be written in terms of the u(1) gauge fields as

G = —0%gog6" = — (0" + 00" FO) @ + 80" FP,)gea. (4.10)
Consider first the case of 2 dimensions. Then 8% = eqpf and F U?b(y) = ea f(y), therefore

Gy () = —gap 07 (1= 0f (1))?. (4.11)

Since g4 is a constant diagonal matrix, the metric is obtained automatically in isother-
mal coordinates, and the y-dependence of the metric is given by the y-dependence of the
u(1) scalar field strength. The latter is an arbitrary function off-shell. Therefore the met-
ric Gg’D) describes indeed the most general metric in 2 dimensions with non-vanishing
curvature, in isothermal “gauge-fixing”.

In 4 dimensions, we certainly cannot obtain the most general geometry from the de-
grees of freedom of a u(1) gauge field. However, we will show that one does obtain a class
of metrics which is sufficient to describe the physical (“on-shell”) degrees of freedom of
gravity, more precisely gravitational waves and the Newtonian limit for an arbitrary mass
distribution.

As a first check, note that gravitational waves have 2 physical degrees of freedom (he-
licities), as much as u(1) gauge fields. We should therefore verify whether (4.10) contains
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indeed the 2 physical on-shell degrees of freedom of gravitational waves on Minkowski
space. This was answered positively already in [B1] to leading order in gab, and is reviewed
below for convenience. It strongly supports the physical viability of realizing gravity in
this manner.

Gravitational waves on a flat background. Consider small fluctuations of the met-
ric ({.10) around the metric for R%

g = 95" g, (4.12)
which is indeed flat. Keeping only the leading terms, (4.10) simplifies as
_b — —
G = (ya” +gedg”! Fi +gig! Fé}) +0(g0"). (4.13)

This can be considered as metric fluctuations G% = g% — h® on flat Minkowski (or

Euclidean) space, leading to gravitational waves determined by
et = —geig" £ — 39" FY,. (4.14)
For the inverse metric Gy, = G, + hap this implies
_ b _ pad'f
hap = gbb/a F](”]a + gaa/aa F](”]b (415)

to leading order. This is essentially the metric obtained by Rivelles [BI], up to a trace
contribution which arises here from the density p(y) (B.34). Therefore the linearized picture
in [B]] is recovered here in a complete framework with nontrivial geometry. The linearized

Ricci tensor is found to be

1 1
Rap = O phaye — 50°0chay — 50u0ph

_ — 1- 1
= 0, 0,0°F% — 8, 0,;0°F", — ieaf 0°0.Fy — iabf 9°0.FY; (4.16)
where indices are raised and lowered with g,
h= hayg® = 20" FY, | (4.17)
and
R=8" 0°0.F; . (4.18)

This agrees (up to sign) with the results of [B1], apart from the contributions from the
trace part which enter in a different way. Now consider the tree-level vacuum equations of
motion ([£7), which in the present context amount to 9*F C?b =0= BCBCF& up to possibly
corrections of order 6, i.e. the vacuum Maxwell equations for the flat metric g,;. As pointed

out in [B], this implies that the vacuum geometries are Ricci-flat,
Ray =0+ 0(6%), (4.19)

while the general curvature tensor Rgp.q is first order in 8 and does not vanish. This
shows that the effective metric does contain the 2 physical degrees of freedom (helicities)
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of gravitational waves. It is quite remarkable that this is obtained at the tree level, without
invoking the mechanism of induced gravity in section [. Note that there is no cosmological
constant to this order.

For completeness, we check that the Riemann tensor for plane waves is non-zero. To
do this the following form of the metric fluctuations ({.1§) is more convenient

hay = B 0,40+ 8.7 0,49 — (0,408,” +0,499,%)
~9," 9,4° +8,” 0, A (4.20)
since the term in brackets has the form 9,&, + 0p€, of an infinitesimal diffeomorphism and
therefore can be dropped. Incidentally, observe that the u(1) gauge transformations act as

A% — A% + 9, () in the commutative limit, which leaves h,, invariant; however, they do

act as symplectomorphism to order 6, as discussed in section [£.3. Now consider plane-wave

configurations
AV = E, et (4.21)
with
hap = 10 ki Ea + 0 ks Ey) . (4.22)
Using
ab = %ECd (Oahbd + Ophag — Oghap) , (4.23)

the linearized curvature tensor is
1 _ _ _ _
Rape = =iz (k" = k%8 Y (ko B — kay) + (ki — kas ks (ke B = K1EL) ) (4:24)

which is O(f) and does not vanish even on-shell.

This analysis suggests in particular that gravitons should be interpreted as NC Gold-
stone bosons for the spontaneously broken translational invariance of X% — X% + ¢%, and
gauge bosons as their nonabelian cousins.

4.2 Connection and curvature, examples

The Christoffel symbols obtained from the metric G® for general #%(y)are
1
i = 5G (0uGra + OGad — 0aGa) (4.25)

which using the Jacobi identity for 9;171 can be written as

1 — c - cd(pn— ! — — ! —
o= L (0005 + 090 + G0 ot 40 o) . (4

The curvature is given as usual by
Rabcd = 8brgc - aarlaylc + Fcezcrzb - cmrga : (4‘27)

Inserting ([£24) does not provide very illuminating expressions. Note that #?°(y) is in
general not covariantly constant, even though G is.
We illustrate the nontrivial geometries emerging from NC spaces with a few examples.
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Manin plane. Consider the Manin plane

Ty = qyx (4.28)

with |¢| = 1 and hermitian generators x,y. The underlying Poisson structure is

{z,y} = —ilq — ¢ ") 2y = —if(,y) (4.29)

so that the effective metric induced by the matrix model with background metric g, = dgp

resp. gap = Nap would be
ds®* = —(q — ¢~ 12 2%y? (da® £ dy?) . (4.30)

However, keep in mind that the Manin plane might be obtained more naturally from a
different matrix model with different background metric gu;, with different Gg.

Newtonian limit. The Newtonian limit of general relativity corresponds to static metric
perturbations of the form

2U 1
ds* = —c?dt* (1+ = | +di* (1+ 0 ( = (4.31)
c? c2

where AU = 4nGp and p is the mass density. We can indeed obtain such metrics for
arbitrary static p, as shown in appendix B (B:14). Therefore the class of metrics Ggp (B-3)
does contain the required degrees of freedom to describe a physically reasonable gravity
theory. In fact, the degrees of freedom for G, are precisely those required to describe an
arbitrary mass distribution. This gravity theory is therefore very economical. The Planck
length is identified with Ay¢ on dimensional grounds, or via (B:15) which gives G ~ 6 in
appropriate units.

If we us the vacuum equations of motion ([£7) which amounts to 9°F., = 0 resp.
R, = 0 as discussed above, then (B.14) leads to

2 2
ds? = —ae (1+22)) yaw (1- Y (4.32)
c2 c2

to leading order, as in general relativity. Therefore the leading corrections of general
relativity over Newtonian gravity should be reproduced here.

Schwarzschild metric, rescaled. The Schwarzschild metric can be written in Kruskal
coordinates as 4
ds* = r? (d0* + sin® (9)dp?) + — e " (du® — dv?) (4.33)
T

where u4v = /r — 1e("/2 y —v = \/r —1e"9/2 and thus u? — v? = (r — 1)e”. This
can be written as

Gap = 12Cap = 72010, Y (4.34)
which almost the desired form (except for the overall scaling factor r2) for the symplectic
form 5

0. dz® A dz® = sin(¥9)dddy + Y7 e 2du A dv. (4.35)
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Note that the density factor e? = (det é)1/4 = 73% e~ "/2 is a function of r only, so that the
(B.33)) is indeed obtained by rescaling with a function of o only. The (r,t) - part of the metric
can easily be generalized as in ({.11). While this illustrates the nontrivial nature of metrics
of the form (B.F), it turns out that this ansatz does not lead to the desired Schwarzschild-like
solution, rather a different ansatz must be used; this will be described elsewhere.

4.3 Coordinates, gauge invariance and symplectomorphisms

From a semiclassical point of view, NC gauge theory provides 2 geometrical structures: 1)
a Poisson structure #%(z) and 2) a “background” (closed string) metric g, which is used
to contract the indices of the covariant coordinates. We assume here that g, is flat. There

are accordingly 2 special coordinate systems:

1. Darboux coordinates where #? is constant. Then of course the background metric
gap(x) is not given by dgp or 14, but it is still flat.

2. Cartesian coordinates w.r.t. the background metric gq;. Then 6% (y) is not constant.

These are the y® coordinates used in the present paper.

Observe that G is flat if the two coincide, thus NC gravity results in some sense from a
“strain” between Darboux- and g-flat coordinates.

Now consider the gauge symmetries. The matrix-model action (B.I)) is invariant under
the NC gauge transformations (2.3). While their su(n) components are clearly the su(n)
gauge transformations of the effective action (B.36), the role of the local u(1) transforma-
tions is less obvious. It is well-known (see e.g. [F1]]) that u(1) gauge transformations in the
NC case act naturally as symplectomorphisms on the Poisson manifold M, leaving 0% (y)
invariant. To see this, consider the gauge transformation of a scalar function ¢(y) € A:

¢— ¢ =UgU™! (4.36)

or infinitesimally
¢ — ¢ = +i[A,¢] (4.37)

for U = €A, The semi-classical version of this action is ¢(y) — ¢'(y) = é(y)+{A(y), ¢(y)},
which generates the Hamiltonian flow with generator A(y) w.r.t. the Poisson structure
6% (y). Therefore u(1) gauge transformations are naturally interpreted as quantization of
the action of the group Symp(M) of symplectomorphisms on M. Due to Liouvilles theo-
rem, Symp(M) is a (proper) subgroup of the group of volume-preserving diffeomorphism.

Now consider the covariant coordinates X<, which transform as
X - XY =UtX. (4.38)

According to the above discussion, this can be interpreted for the u(1) sector as transforma-
tion of the embedding function X® : M — R* under (quantized) Symp(M). However here
Symp(M) does not act on any indices of e.g. nonabelian gauge fields, unlike the standard
action of diffeomorphisms. Nevertheless, since the action is written in terms of classical field
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strength tensors with all indices properly contracted, the classical action appears to be gen-
eral covariant. This is only apparent, however, since g, is a fixed background metric: The
exact invariance group must preserve p and 7(y), which probably reduces it to Symp(M).

The role of NC gauge transformations and diffeomorphisms certainly deserves further
investigations, see also [B3, fJ] for related discussion. It remains to be seen whether the
generalized notions of symmetry developed in [[[7] are applicable in the context of matrix
models.

5. Remarks on the quantization

The great virtue of matrix models such as (P.1]) is that there is a clear concept of quan-
tization, defined by integrating over the space of matrices. This has been extremely suc-
cessful for single-matrix models, and was elaborated in the context of NC gauge theory to
some extent [1§|. Combined with the results of the present paper, this leads to the hope
that (R.)) may provide a good definition of quantum gravity. The limit N — oo of course
remains to be a highly nontrivial issue related to renormalizability. On the other hand,
the finite-dimensional matrix-models for compact “fuzzy” quantum spaces such as [Rf] are
thus candidates for a regularized (Euclidean) gravity theory.

Furthermore, recall from section .3 that our model of NC gravity contains only the
minimal degrees of freedom required to accomodate on-shell gravitational waves plus a mass
distribution. In contrast, general relativity contains many additional off-shell and gauge
degrees of freedom, leading in particular to nontrivial gauge fixing issues upon quantization.
Therefore the gravity theory obtained here should be better suited for quantization.

We support this conjecture with some observations. Due to gauge invariance (.9),
the effective action after quantization should be given by similar types of matrix models,
involving more complicated expressions of traces of polynomials of the X. Due to trans-
lational invariance, they should be expressible in terms of commutators, and therefore - in
some given vacuum - the same analysis as here should establish that they can be inter-
preted as su(n) gauge theory coupled to an effective G, to leading order. This suggests
that there should be no disastrous UV/IR mixing effect, which has been absorbed by the
choice of geometric vacuum.

6. Discussion

The basic message of this paper is that gravity is an intrinsic part of the matrix-model
formulation of NC gauge theory. These models describe a dynamical noncommutative
space, with metric determined by the general Poisson structure. This leads to a separation
of the gravity and gauge theory degrees of freedom. Quantum spaces and gravity are
seen as two aspects of the same thing. Matrix models such as (R.1)) thus provide a simple
class of models which should be suitable for quantizing gravity along with the other fields.
This clarifies the presence of gravity in string-theoretical matrix models [f, [f], however the
mechanism is more general and applies in particular to 4 dimensions, as elaborated here.

Also, the mechanism of spontaneous generation of fuzzy extra dimensions [Bf] can now be
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seen from the point of view of gravity. We also point out that the gravitational action
will be induced upon quantization, which should explain and hopefully resolve the UV /IR
mixing in NC gauge theory.

While the physical properties of the emerging gravity theory are not yet worked out,
the simplicity of the mechanism is certainly striking. There remains some freedom for
modification of the action, in particular via extra dimensions, but the mechanism seems
to be quite rigid. In particular, the restricted class of geometries strongly suggests that
the resulting gravity theory is different from general relativity, but consistent with its
low-energy limit. This realizes some of the ideas in [B]-BJ], with the aim to understand
gravity as an emergent phenomenon of NC gauge theory in the commutative limit. It is also
reminiscent to ideas in [P(], in the sense that gravity is determined by noncommutativity
i.e. the Poisson structure. On the other hand, this is different from other proposals [@]
which aim to define a deformed (noncommutative) version of general relativity.

One may wonder how such a different interpretation of NC gauge theory is possible;
after all, there seems to be nothing wrong with the “old” gauge theory point of view. From
that perspective, what we have done is to perform a Seiberg-Witten map from constant g*
to a general %°(y), to leading order in 7°(y) but exact in 662 = 6 (y) —gab(y). This “eats
up” the u(1) gauge fields and moves them into the metric G%(y). In the conventional gauge
theory point of view, 60? is the u(1) field strength, which decouples from the su(n) gauge
degrees of freedom to leading order but cannot be disentangled exactly. We determined
the precise coupling between these u(1) and su(n) degrees of freedom, and showed that it
should be interpreted as gravitational coupling. This casts the basic observations of [B]]
in a complete framework, generalized to notrivial geometries and nonabelian gauge fields.
The basic idea of gravity emerging form NC gauge theory was also put forward in B2, B3],
in a somewhat different approach without identifying the metric (B.H).

There are many further directions to explore. First, the main results of this paper also
apply to dimension different from 4, and should generalize in particular to the case of NC
“submanifolds” embedded in higher dimensions. Then the closed string metric g, is the
induced metric on the submanifold, and no longer flat in general. Therefore the class of
effective metrics obtained in this case may be larger. Notice also that extra dimensions can
be viewed as additional (possibly interacting) scalars as in (B.1)); a particularly interesting
example would be the matrix model for N = 4 NCSYM considered e.g. in [, [I]]. Other
types of matrix model actions should also be explored, such as DBI-like actions. Fermions
should of course be included in these models, which will be studied elsewhere. This will also
allow to study the relation with the framework of the spectral action [i4]. The quantization
and loop effects should be worked out. Finally, it is of course essential to explore the
physical viability of this NC gravity.
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A. Derivation of the effective action to leading order

To shorten the notation we only consider the Euclidean case g,, = J4 here, and adopt
a notation where repeated indices are summed irrespective of their position; for example,
Habgab = 3" ab 62%97°, The Minkowski case is obtained by obvious replacements.

Furthermore, we adopt the convention in this appendix to rise and lower indices with
69 resp. 9;171 rather than the metric, e.g. A* = 6% A,.

Useful identities

The “commutative” field strength is defined by

F% = 0°0"F,q = 6°°6" (0. Ag — 4Ac) + 0°°6"[A,, A
= 0%y Ay — 69°[Y?, A.] + 090" A,, Ay (A1)

while we define the “noncommutative” field strength as
]_—ab — [Xa,Xb] _ aab — [Ya,Ab] _ [Yb,Aa] + [.Aa,.Ab]
- [Xa7~’4b] - [Xb7~’4a] - [Aa7~’4b] . (Az)
The leading terms are

F = [v?, 460" — [V, 4,60°%) + [A°, A"]
= PO (V6" — [Y°,0%) Ag + [Aa0°7, A0 — 070" [ Ay, A]
= P Ag[Y?, 07 + (A%, AY] — 6% 6" (A, A] (A-3)

up to corrections of order O(63), hence omitting fgl{,V’Q here.
A useful identity is

2070y, [V?, X]] = 07°([ve, [Y?, X]] — [Y°, [Y?, X]]) = 0°[9?°, X]. (A.4)
A similar identity is the following:

Qab[Y“7 ch] — _Hab[Yc’ eba] . Qab[Yb’ eac]
— _aab[yc’ Hba] + Hab [Ya, abc]

therefore .
oY, 6% = SO (Y 0] (A5)
In particular,
0 A AV, [V, 0] = %HabAcAd v, [ve, 6] (A.6)
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Bianci identity and applications. The noncommutative Bianci identity for F is ob-

tained from

[Xa7f~bc] + [Xb7f~ca] + [Xc7f~ab] _ _[Xa’ ch] _ [Xb79ca] _ [Xc79ab]
= —[A%, 0% — [A®, 0] — [A°, 0. (A7)

Together with the antisymmetry of 8%, it follows that
eab[Xa’];cb] _ gab <_[Xc,]_—ba] _ [Xb’];at:] _ [Aa,ecb] _ [Ab’eat:] _ [Ac,aba])
_ gab <_[Xc7fba] — X9, FP) A, 69 — [A%, 0] + [Ac79ab]) (A.8)
which implies
gobLx, V] — %Hab([Xc’]:ab] A, 0) — gob[A®, 6] (A.9)
Using [V, AY] 4 [A°, AY] = F 4 [Y®, A¢] this gives

GULX [y, AP 4 [A°, AV]]] = 09[X, FoP] 4 97X, [y?, AC]]
_ %aab([Xc7fab] 1 [A°,0°%]) + 0Py e, [Y?, A°]
O[S [V, A9 — 947, 6]
_ %aab([Xc7fab] [4°,6%)) + %Hab[eab’Ac]
O[S [V, A9 — 9] A%, gb)
_ gab (%[Xc’}-ab] [V [AC, AY]] — [A°,[A%, Y]] — [Aa’ecb]>

so that
1
0‘1’7[); “ Y, Ab]] = 50“1’[)( c,]:ab] — Hab[Ac, [A)Y b]] — Gab[A“, [AC, Ab]] — H“b[A“, HCb]

which using

0U°[A%, [A, AT = —0°P[A°, [A®, A + 6°°[A%, [A®, A°)] (A.10)

thus
9P[A, [A°, AY)] = %eabw, [A®, AY] (A.11)

gives

aab[Xa, [YC, AbH — %aab[Xc’ fab] _ aab[Ac’ [Aa’ Yb]] _ %aab[Ac’ [Aa, AbH _ Hab[Aa’ QCb]

— %aab[Xc’]:ab] _ %aab[Ac’ Fab] _ Hab[Aa,QCb] ) (A.12)
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Other useful relations. Here we collect some identities which hold up to some required
order or 6.
Let us introduce the notation

Yo, f]:= 05 Y. f] = 0af  +0(0) (A.13)
which allows to write
Y%, Yo, g) = 070, fOug = —i{f, 9} +O(67) (A.14)
to leading order, which in the abelian case coincides with —[f, g] + O(6?). This gives
Hab[Xa,Ac](FCb—i-[Yc,Ab]) _ eab(Fac + [Yc,Ae]eae)(FCb + [Yc,Ab])
— Hab(FacFCb+[Y;,Ae]9ae[Yc,Ab]—}—FQC[YC,Ab] + Fcb[Y'C’Ae]Hae)
:Hab(Fachb + eaei{Ae’ Ab} _ Fche[Y—c7 Hae])
= 0 F 9, P+ 07 P90, T A [V, 0] + 607°0°“i{ A, APH(A.15)
up to O(6*). Similarly, one finds
Hab(Ad[Xa,AC] [Yc’ Hdb] + FadegclAe[Yc,eeb]) — HabAd([Xa, Ac] _ Fac)[Yc,edb])
— HabAd[Yc, Ae]eae[yc79db]
~ 09°0% A4[A,, 0% . (A.16)
To evaluate the contributions cubic in A, we will need
Tro®0® Ag[F*!, Ac) = —Tro*°0°"[Ag, A F*
= —Tre®®[Ay, AJ([YC, AY — [V, A%) + [A°, AY)
= —Trh%e%[Ay, A](2[Y¢, A% + [A°, AY)). (A.17)
The first term gives
Tro®0®[Aq, AJ[Y ¢, A% = Tr — 0°°9° A[[Y*, A", A]
= Tro®0" A4([[A%, A], Y] + [[A., Y, AY)
= Tre®0%(—[Aq, Y|[A%, A.] — [Ag, AY[A., YE)) . (A.18)
To proceed, consider
Tro®9w[AY Y)[Ag, Ac] = Tro®o®9% A, Y| [Ag, A
= Tro0"([09°, Y °| A + [Ae, Y109%)[Ag, A
= Tro®%([0%, Y| A.[Ag, Ac] — [Ae, YE)[AC, AL))
= —Trh%e%[A,, Y][A°, A,] (A.19)
dropping terms of order O(6°) and using ([A.21]) below, which can be obtained by consid-
ering
Tro™0?[Ac, Ag)Ac[Y©,0°%) = Tro™0®[A., AqlAc(—[V, 0% + [V, 6])
= —2Tr0""0"[A., Ag)Ac[Y €, 0%]
= 2T Ay, A ALY, 09, (A.20)
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routinely dropping terms of the type Tr60* f(x)[A4, Apln.q. under the trace. This implies
that
Tro®o0%®[A,, AgA[YC, 0% = Troo0%®[A., Ag)A[Y¢,0%] =0. (A.21)

Therefore ([A.1§) gives
Tro®e%[A,, A)[YC, A% = Tro®e?®(—[ve, A4[Aq, Al — [Ag, AY[A., Y)) (A.22)
which implies
Tro®o%®[A,, AJ[YC, A% = — %Traabaab[Ad, AJ[Ye, Al (A.23)
Similarly,

—Tro™0°[Aq, Ac)[AC, A% = Tro™6™ A [Ag, [A°, AY)]
= Tro®6™ A.(—[A°, [A%, Ag]] — [A?, [Ag, A°T))
= Tro"0" ([A°, AJ[A", Ag) + [A”, Ac][Ag, A°)
= Tro®e®([A°, AJ[AY, Ag] — [Ag, A[AL, A])  (A.24)

implies
1
Tro®9m[Ag, A][AC, A% = — §Tr0“b9“b[Ac, AJ[A Ay (A.25)

Putting this together, ([A.17) can be written as
1
Tro®e® Ay Fed, A] = 5Traabaab(z[Ad, AG)[Ye, A + [A¢, AJ[A4, Ag]) . (A.26)

Evaluation of the contributions
second-order Seiberg-Witten contribution
Let us write the second-order Seiberg-Witten contributions (B.22):
Sswa = 2T (X, A ([Y¢, A®] + F)]

= 270" ([X°, AJ(F + [Y9, AY)) + Ac[X7, (F + [Y°, A7) + A[X, 67])])

= 270" ([X%, AJ(F + [Y*, A) + Ac[X°, (F + [V, A") + Agl X7, 0°])])
where we used ([A.3)

Fib = Fb _ A4[Y?, 09 +0(6?), (A.27)

noting (B.23). The second line can be simplified using (A.19)

1 1
eab[)(a7 [Yc’ Ab]] _ §6ab[Xc7fab] - §6ab[Ac7Fab] _ Hab[Aa79cb] (A.28)
and (A.9)
Hab[Xa,be] _ %eab([Xc7fab] + [Ac’ eab]) _ Hab[Aa,HCb] (A.29)
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so that

Sswa = Tro™ <2[X“, AJ(F 4 [ve, AY)
+2A,[XC, FP] — A0%[AC, F®) 4+ A[AC,0%) — 4A.[A%, 6
F2AXY, AQ[YE, 0P + 24,44/ X7, [X7, ecb]]> . (A.30)

Now
HabAcAd [Ya’ [Yd, QCbH — HabAcAd[Yd, [Ya, QCbH + HabAcAd [aad’ ch]
_ %TraabAcAd[Yd, Ve, 000)] + 0% A Ag[0°, 6% (A.31)
using ([A.6), which implies
1
0P A Aq[X 2, (X9, 0] = §Tr0“bAcAd[Xd, (X, 0] + 00 A, Aq[0%, 6] + O(6°) (A.32)
hence
Sswa = Tro™ (20, AJ(F? + [v*, 4"))
+2A,[XC, FP] — AH[AC, F) 4 A[AC,0%) — 4A.[A%, 0]
+2A44[X, ALY, 0P+ A Ag[ X9, (X6, 07 +2A,Aq[0°, M) (A.33)
The first line can be written using (A.15) which gives
Sswa = Tro™ (2P 051 FY 4 20, LA [v*, 0] + 20°i{ A,, A"}
+2A.[XC, FP] — A0%[AC, F) 4+ A[AC,0%) — 4A.[A%, 6
+244[X%, ALY, 0% + A Ag[ X [ X, 0% + 24,4467, ecb]) . (A.34)

Now using (JA.16) this becomes

Sswe = Tro <2Fad9;;Fbc 204 A,, AP} + 209 A4[A., 0]
+2A,[XC, FP] — A0%[AC, F) 4+ A A%, 0% — 4A.[A%, 6
FAAGXY [XC, 0] + 24, A4[0%, ecb]) .

Replacing Tr0%0%i{ A,, A®} — Tro®9[A., A’ and noting

Hab <0ae[Ae’ Ab] + HaeAd[Ae, edb] _ QAC[AG, ch] + AcAd[ead7 ch]>

= 0 (0] A, A) + 07 AL Ag, 0] — 24,[A%,0) 4 Ao[A40°%, 0] — 00 A, [Aq,0))

— Habaad[Ad’ Ab] _ HabAc[Aa, ch]

_ Habead[Ad’ Ab] _ (gabAd[ada7 Ab]

= 0P[A%, AY] (A.35)
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(note: only the abelian component involving the Poisson bracket contributes) and
Tr (Acé?“b[Ac, F“b]> = —Tr ([AC, Ac]eabFab> (A.36)
(since only the nonabelian terms survive), we obtain
Sswa = Tro® (zFadegclpbc 1 2[4, AY] + A A, 69
FOAXC, FO 4 [A%, AJIPF® + A, Ag[ XY, [X°, eab]]) . (A37)

Now we use

Ac[Xc,fab] — A [Xc Fab Ad[Yd79abH
= A[XC, F™) — AJX¢, AglY?, 0%
= A[X¢, Fab] A[XC, Ag[X?, 0] (A.38)

(to O(6%)) using (A.3), and obtain
Sswz = Tro* (2Fada;chbc + 20" (A%, AP+ 2A,[ X, F) 4 [A%, AJ0PF® 4+ A[A°,67)
FAAG XY, [XC, 0] — 24X, Ag[X?, eab]]) . (A.39)
Using partial integration, we have
Tro® Ag[X9, A[XC, 09 = —TrAqg[X9, 09 A[X¢, 0% — Tro®[ X9, AglA[X€, 0% (A.40)
and
Tro® A Aqg[ X, [XC, 0% = Tro®Aq X%, Ac[X¢, 09 — Tro® A X%, Ac[X°,0°]
= Tr — 0P[X9, Ag)A[XC, 0% — [ X9, 0% A A [ X, 0]
—Tro% A (X%, AJ[XC, 0%
therefore
Tr — 200 Ag[ X9, A[XC, 0% 4+ 0 A A X9, [X¢, 07
= TrAy X9, 0P A[XC 0 4+ 09[ X9, AgJA[XC, 0% — 0% Aq[ X, A][X€,0%].
Consider the term
—2Tr™ Ag[ X9, A)[XC,0%) = Tro®[X¢, Ag[X?, AJ0Y + 6900 A (X ¢, (X, A]
= Tro™[X°, Ag[X?, AJOY + 0700 A4 X [X° A]
+0ab6abAd[(0cd +f6d),14¢]
= Tro®[X¢, A[X9, A]0% — 07009 X4 A [X¢, A
—20abAd[Xd, eab] [XC,AC] + HabaabAd[(HCd + fcd)’ Ac]
(using partial integration again), which gives
—Tro® A XY AJ[XC, 0% + 0% Ay[ X4, 07X ¢, A
1 1 1
= Tro0[X°, Ad[X, AJ0™ — S070 (X AGJ[XC, Al + S070™ Aq[(0°! + =), Ac]
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and we obtain
Tr — 20 A4[X4, A[XC, 0] + 0% A Ag[ X2, [X¢, 09
1 1
= TrAqX? 0% A[X¢, 0% + iaab[XC,Ad] (X4, A0 — iaabeab[xd, Ag)[X€, Al

%mbaamd[(ecd +F) A (A.41)
Inserting this into (A.39) and using
Tr (6“"AC[AC, 6] — %eabeamc 6, Ad]>
= Tr (9“bAd[Ad, 0%) + %aabeabmd, Ag) + %eabeabecdmc, Ad]>
. (%eabeabecd A, Ad]> (A.42)
(again only the abelian contribution from the Poisson-bracket survives) gives
Sswa = Tr (20 F 3 PP + 207 [4%, 4] + 20 A, [X°, F*] + [A°, A 0" P!
_i_%aabeabAd[J:cd’ Al + Ag[X %, 0] A [ X<, 0]

%aabeab([xd, AJIXE, Ag] — (X%, AIXC A+ 0°[A, Al)))
(A.43)

Now observe that
[V, Ag[YY, Al — 0°UAg, A = 09090, A40; A — 0°1070; Agd; A — 0°YAg, Aclna. (A.44)

where [Ag, Acln.q. stands for commutator of the nonabelian components. We can drop
terms of the type Tr0* f(2)[Aq, Apln.o. under the trace. Therefore

(X, Ag)[ X9, Al — 09U Ag, Al = 090U (0;Aq + [Ai, Ad]) (0 Ac + [Af, A)) — 099070, A0, A,

— 00 (0,400 Ac + D Aal Ay, A

A, g0 A + [Ai, Ad[Aj, Al — 0ai0; A.)

= 000 FuFye — S04, A A7, Al (4.45)

since 9<0U[A;, A0 Ag = 090%[A;, Ag)9; A, under the trace. Furthermore,
[V, A,] = 00, A, = —%aab(aaAb — Oy A,) (A.46)
and therefore
(X%, Aa] = — 6@y — DyA0) + 07 [Ay, A

_ _%aab(pab + [Ag, Ay)) (A.47)
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or
200[X ¢, AJF? — [A°, AJOPF® = —9°UF, .0 b (A.48)
hence
Sswa = Tr (29abFad9;chbc 209049, AY] + 209D A [XC, FOY] 1 [A°, A, |97 b
_i_%eabeabAd[j:cd’ A+ Ag[X, 09 A [X°, 9]
0 (FogFy + 9FuFye + 2F[As, Ay (A.49)
where we used
Trobgebg°09 (2(Ai, Ad)[A;, Acl + [Ay, Aj][Ac, Ad))
= ~Trgg g (2445, Acl, Ad) + Ail[Ac, Ad), A])
= —Tro™9"0°0 (24,14, AdJ, Ad) = AillAa, As], Ad = AillA;, A Ad)) = 0.
Together with (B.24), we obtain
S =—Tr (F“bF“b —2FWB ALY, 9] + A[YC, 0% [YL, 990 Ay + 2090 A9, Ab]> + Ssw
= —Tr(FF — 2P A[X°, 0] + A[X7, 07)[X %, 0] A + 20V 4%, A"]) + Sz
Replacing Y — X which is correct to O(#*), we obtain
S =—Tr (F“bF“b + 2A4.[X€, F)0% + 209°[X ¢ A JFP + [X¢, 0% A [X %, 0% Ay
FoTrgb] A, Ab]) + Sswo
) (FabFab — gabpabgedp 20abFad0;chbc (A.50)
%eabeabecdaiﬂ‘ (FuaFy + 2FiaFye + 2Pl Ai, A})) %eabaamd 7 A).
Finally we use (JA.26)) together with (|A.48) which gives

1 -
Tro®em® Ay [Fed A = §Tr9ab9ab9” [Ai, Aj]0°UF (A.51)

and we obtain the gauge invariant action

1 .
S = —Tr (FabFab _ eabFabHCchd _ 20abFad6;chbc + geabeabecdel] (chFij + 2Fidch)>
= —TrF®F® 4 Sye (A.52)

Needless to say that there should be a simpler way to obtain this.
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B. Newtonian metric

We want to reproduce the metric (f.31)) in terms of h;; (f:2d). F,p is a function of
(%, v, 92, 9®) with 5, = (—1,1,1,1) and has the form

0 E, E, Ej
) B; -B

F = 1 0By 2. (B.1)
—By -Bs 0 B

—F3 By —B; 0

0 001

We can assume that 6% = 6 0 010 , which gives
0 -100
-1 000

2E3 —BQ - E2 Bl + El 0

gt | BB 2B 0 B -E 52)
Bl + E1 0 —2B3 BQ — EQ
0 By —E, By—Ey —2F;

and g, = 072(—1,—1,—1,1), so that y3 turns into the time ¢. Since we want the metric
to be static i.e. time-independent and invariant under time reflections, we consider an
electromagnetic field which is independent of 32, 93F,;, = 0, and require

By =FE, By=Fs. (B.3)
Then
Es —FEy, E1 O
—Fy —B
By = 2071 2=53 00 (B.4)
FL 0 —-Bg 0
0 0 0 —F3
where as usual F; and B; can be written in the form
Ei = 80Al — 6¢A0, Bz = eijk @Ak (B5)
and the derivatives are w.r.t. y*. The Bianci identities are
al'Bi = 0, Eijk 8J'Ek — 80Bi =0. (B.6)

Since we want to consider static configurations we have 93B3 = 0 (recall ¢t = 3®), hence
OhB1 + 99By = 0. (B?)
Now fix the gauge by setting Az = 0 (cf. axial gauge). Then

B = —(93142, By = (93141, FEs = —63A0, (BS)
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which can be solved for arbitrary By, Bo, F’3 satisfying the Bianci identities by

Ay = —y3B1(y%, vt v?) + Aa (40,4, 42),
A1 = y3Bo(y°, ) + A1 (00, v, ),
Ag = —y3E3(v% vt ) + Ao (0, vt v?) (B.9)

with arbitrary 121071,2(@/0, y',y?). Then Ey, E5 can be computed as

By = =01 Ay + 0o A,
Ey = —({921210 + ({90142, (BlO)

where the y3-dependent terms vanish due to the Bianci identity.

The most general B; satisfying (B.7) can be written as
By =00, By=—-019 (B.11)

for any given ¢(y°,y',y?). Setting ¢ = dp and defining Ag = 0, A} = oy, Ay = -y
we get indeed F; = B, Fs = By and

By = 814y — 94 = —Aja0. (B.12)
FE5 is almost determined by the Bianci identity, which is solved by
B3 =00 = 0ip. (B.13)
Now perform a change of variables y* = y® + 0£% with £ = 2(¢,0,0,0), which gives
—F; 0 0 0
0 —Bs 0 0

0 0 —Bs 0
0 0 0 —E3

hl, =201 (B.14)

Assuming that O(Bs) ~ O(9y¢), this describes Newtonian gravity with gravitational po-
tential given by

U’ ' y%) = 0Es = 005 (B.15)

which is arbitrary since U is arbitrary. It can therefore describe an arbitrary static mass
distribution p by solving the Poisson equation

which is expected to follow from the gravity action. For the vacuum p = 0, and E3 = Bj
follows from Ay = 0 (up to a constant), in agreement with general relativity.
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C. Computation of 7(y)

One way to show (B.2§) is to note that

(A Q) TF = (Giight _ gilgki _ Glighiy 4 (GMgid _ ghigit _ Ghigli) (C.1)

and to consider

O A0 D) (O AT = (071 A7)0 OV

(050" — 070, — 0,510,160
( z]lew)( 19kl)+2(9i119ﬁg19ij9kl)
= (

d — 2)6750% = (d — 2)G™gup (C.2)

where d = 4 is the dimension of space(time). On the other hand,

(07 A ) ira(0 A O)TH = (6,;107)(0,,"0) + 2(0;,10;,1 07 0") = d(d — 2) (C.3)

which together implies (B.29).
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